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Abstract This paper applies multi-population differential
evolution (MPDE) with a penalty-based, self-adaptive
strategy—the adaptive multi-population differential evolu-
tion (AMPDE)—to solve truss optimization problems with
design constraints. The self-adaptive strategy developed in
this study is a new adaptive approach that adjusts the control
parameters of MPDE by monitoring the number of infeasi-
ble solutions generated during the evolution process. Multi-
ple different minimum weight optimization problems of the
truss structure subjected to allowable stress, deflection, and
kinematic stability constraints are used to demonstrate that
the proposed algorithm is an efficient approach to finding
the best solution for truss optimization problems. The opti-
mum designs obtained by AMPDE are better than those
found in the current literature for problems that do not vio-
late the design constraints. We also show that self-adaptive
strategy can improve the performance of MPDE in con-
strained truss optimization problems, especially in the case
of simultaneous optimization of the size, topology, and
shape of truss structures.
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1 Introduction

The truss optimization problem has received increasing
attention in the last decade due to its direct applicability
to the design of structures. Generally, these optimization
problems can be classified into three categories: size, shape,
and topology (Krisch 1989). In size optimization, the cross-
sectional areas of truss members are the design variables,
and the coordinates of the nodes and connectivity are held
constant. In shape optimization, the coordinates of the nodes
become the design variables, the cross-sectional areas and
connectivity remain constant. These types of truss size and
shape optimization problems are non-linear programming
(NLP) problems, as are those that consider the optimization
of size and shape simultaneously (Deb and Gulati 2001). In
topology optimization, the connectivity of a member in a
truss structure is the objective of the optimization and needs
to be determined (Deb and Gulati 2001; Luh and Lin 2008).

Most gradient based approaches (Schmit and Miura
1976; Haftka and Gurdal 1992; Haug and Arora 1989),
such as sensitivity analysis or approximation concepts, can
offer high effectiveness in terms of solving truss optimiza-
tion problems. These approaches have also been adopted
in commercial software packages such as NASTRAN
(Vanderplaats et al. 1989) and GENESIS (Vanderplaats
1993). However, the gradient based approach is not efficient
for the simultaneous optimization of size and topology of
truss structures, because the connectivity of the truss mem-
bers is a discrete variable and is not easy to represent (Deb
and Gulati 2001). Further, it cannot provide sufficient diver-
sity in terms of locating a global solution for the optimized
size, shape, and topology of truss structures.

Apart from gradient based approach, several heuris-
tic algorithms have been used to tackle truss optimiza-
tion problems. Genetic algorithms (GA) use chromosomes,
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which can be decoded into real values as design vari-
ables representing member areas of a truss (Rajeev and
Krishnamoorthy 1992; Hajela et al. 1993; Hajela and Lee
1995; Wu and Chow 1995; Ghasemi et al. 1999; Deb and
Gulati 2001). Particle swarm optimization (PSO) is based
on the simulation of a simplified social model, and many
researchers have used this method to search for the optimal
size of a cross-sectional area for truss structure optimiza-
tions (Li et al. 2007; Fourie and Groenwold 2002). In
addition, Luh and Chueh (2004) applied artificial immune
system (AIS), a heuristic algorithm inspired by theoretical
immunology and observed immune functions, to multi-
objective optimal cross-sectional areas of truss design prob-
lems (Luh and Chueh 2004). In their work, the feasible
solution (cross-sectional area of the truss member) and
objective (the weight of the truss-structure) of the truss
optimization problem were defined as the antibody and anti-
gen, respectively. Luh and Lin (2008) proposed a two stage
approach combining the Ant algorithm (Dorigo 1992) and
the API algorithm (after “apicalis” in Pachycondyla api-
calis) (Monmarché et al. 2000) to find the optimal design
of truss structures. Lee and Geem (2004) applied Har-
mony search (HS), based on the natural musical processes
that occur when a musician searches for a better state
of harmony, to find the optimal size of truss structures.
Differential evolution (DE), proposed by Storn and Price
(1997), is a kind of evolutionary algorithm adopted by
Becerra and Coello Coello (2006) when they proposed a
culture differential evolution to optimize the cross-sectional
area of truss members.

The aforementioned approaches for solving truss struc-
ture optimization can be easily divided into two types:
the two stage approach and the one stage approach. The
two stage approach focuses on solving truss optimiza-
tion problems by considering cross-sectional area (size),
shape, and topology across different stages. In the first
stage, the algorithm finds the topology distribution of the
truss, and the cross-sectional area and configuration of the
nodes (shape) are defined as constant. After obtaining an
optimized topology design of the truss structure, the size
of the cross-sectional area or the position of the nodes is
regarded as the design variable for the second stage. Hajela
et al. (1993) used a two stage optimization approach to
search for multiple optimal topologies in the first stage, and
the optimal size of the cross-sectional area for each mem-
ber of the truss topologies in the second stage. Luh and
Lin (2008) combined the Ant algorithm and the API algo-
rithm for the first and second stages of the truss structure
optimization. The framework of the two stage method can
also be used for the gradient based approach to simultane-
ously determine the optimal size and topology of a truss
structure. However, the two stage approach cannot provide
global optimums, as simultaneous solutions for size, shape,

and topology are not linearly separable (Deb and Gulati
2001). If an optimal topology distribution of the truss design
is not obtained in the first stage, the true optimum will not
be found in the second stage.

The one stage approach for solving truss optimiza-
tion problems involves optimizing size, shape, and topol-
ogy simultaneously within one single stage. Although this
approach has better diversity in terms of searching for
optimum solutions to truss structure problems, it is time-
consuming due to the fact that the search space is much
larger than that associated with the two stage approach (Luh
and Lin 2008). Moreover, simultaneously considering three
types of variables in a one stage approach is a complex
task due to the natural character of a mixed coding scheme
involving both discrete and continuous variables (Luh and
Lin 2008).

This paper applies multi-population differential evolu-
tion (MPDE) with the proposed self-adaptive strategy,
named adaptive multi-population differential evolution
(AMPDE), as a one stage approach to tackle various types of
truss structure optimization problems. The multi-population
mechanism is introduced in DE to maintain the diversity
of the search space. The self-adaptive strategy proposed
in this study can further enhance the efficiency of MPDE
in solving truss optimization problems even while simulta-
neously solving different types of truss optimization prob-
lems. The developed strategy, a penalty-based self-adaptive
strategy, focuses on adjusting the scaling factor of DE
by accumulating number of constraint violations during a
period of evolution iteration. Several truss examples are pre-
sented to demonstrate the effectiveness and high viability
of AMPDE; moreover, AMPDE is shown to find similar
or better optimal solutions than other optimization methods
while employing fewer function evaluations.

2 Differential evolution

Differential evolution (DE) (Storn and Price 1995, 1997) is
a simple and efficient population-based method invented by
Storn and Price (1995). The initial population of DE is gen-
erated randomly between the lower and upper bounds for
each design variable. DE uses a real-value vector for the
design variable with three control parameters: crossover rate
(CR), scaling factor (F), and population size (NP). There
are three main DE steps, including mutation, crossover,
and selection. The mutation operator of DE is executed by
adding a weighted difference vector between two individu-
als to a third individual. After crossover and selection, the
mutated individuals produce offspring. The whole search
process is iterated until a convergence state is reached.
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Table 1 Mutation mechanism
of differential evolution Mechanism of DE mutation Mathematical equation

Best/1/exp vi,G+1 = xbest,G + F
(

xr1,G − xr2,G

)

Rand/1/exp vi,G+1 = xr1,G + F
(

xr2,G − xr3,G

)

Rand-to-Best/1/exp vi,G+1 = xi,G + F
(

xr1,G − xr2,G

)

Best/2/exp vi,G+1 = xbest,G + F
(

xr1,G + xr2,G − xr3,G − xr4,G

)

Rand/2/exp vi,G+1 = xr1,G + F
(

xr2,G + xr3,G − xr4,G − xr5,G

)

2.1 Mutation operator

The mutation operation in DE serves to generate a new
mutated vector according to the following scheme equation:

vi,G+1 = xbest,G + F
(
xr1,G − xr2,G

)
,

i = 1, 2, 3 . . . . . . NP (1)

The index G is used as an index of the current generation. In
(1), r1 and r2 are random numbers generated between 1 and
NP, and two random target vectors, xr1,G and xr2,G, are cho-
sen in the population of the current generation G. xbest,G and
vi,G+1 are the best target vector and mutated vector of the
current generation. Scaling factor F is a real value between
0 and 1 that will enlarge or reduce the differential variation
between the two random vectors. Equation (1) is a kind of
DE mutation mechanism, and various other mutation mech-
anisms are listed in Table 1. Further, the individual vectors
listed in Table 1, xr1,G,xr2,G,xr3,G,xr4,G, and xr5,G, are ran-
domly selected from the population; these individuals are
all different from one another.

2.2 Crossover operator

In the DE crossover operator, the trial vector ui,G+1 is gen-
erated by a combination of the mutated vector vi,G+1 and the
target vector xi,G. The DE crossover operator is illustrated
in Fig. 1 and (2), where CR represents the crossover proba-
bility and j is the variable index. If the random number R is
smaller than the CR value, the variable of the mutation vec-
tor vi,G+1 is chosen as the variable of the trial vector ui,G+1.
Otherwise, the variable of the target vector xi,G is selected
as the variable of the trial vector ui,G+1. The mutation and
crossover operators are used to diversify the search space in
terms of the optimization problems.

ui,G+1 = vi,G+1, if R ≤ CR or j �= i

ui,G+1 = vi,G, if R > CR or j = i (2)

2.3 Selection operator

After the execution of the mutation and crossover opera-
tions, all of the trial vectors are considered as candidates

Fig. 1 The crossover
mechanism of differential
evolution
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for selection operations. The trial vector ui,G+1 is then com-
pared with the target vector xi,G to select individuals for the
next generation. The selection operator is as follows:

xi,G+1 = ui,G+1, if f
(
ui,G+1

)
> f

(
xi,G

)

xi,G+1 = xi,G, if f
(
ui,G+1

) ≤ f
(
xi,G

)
,

i = 1, 2, 3 . . . . . . NP (3)

The trial vector ui,G+1 is chosen as the new target vector
xi,G+1 for the next generation if the objective function value
of the trial vector is better than the value of the target vec-
tor. Otherwise, the original target vector xi,G becomes the
new target vectors xi,G+1. The stop criteria used here calls
for terminating the DE after a pre-specified maximum num-
ber of generations, or when no improvement is observed
over a pre-specified number of consecutive generations—
whichever is encountered first. A DE flowchart is shown in
Fig. 2.

Fig. 2 Flowchart of differential evolution

3 Adaptive multi-population differential evolution

Adaptive multi-population differential evolution incor-
porates differential evolution via two methods: multi-
population mechanism and self adaptive strategy. The
multi-population framework divides a single population into
multiple subpopulations and assigns each subpopulation a
unique evolutionary purpose with different operators and
parameter settings. The benefit of a multi-population frame-
work is that it is expected to increase the diversity of the
search design space. Further, it helps the algorithm avoid
premature convergence. The other proposed method, the
self-adaptive strategy, is introduced to reduce the num-
ber of infeasible solutions and may also increase the DE
efficiency.

3.1 Multi-population mechanism

The main idea behind applying a multi-population frame-
work to a heuristic algorithm (Potts et al. 1994) was to
improve the performance of the genetic algorithm. Inspired
by their work, many optimization approaches adopted this
method to improve their search performance. Liu et al.
(2007) proposed a cooperative particle swarm optimiza-
tion model with cooperative multi-populations. Yan et al.
(2008) demonstrated a novel binary ant colony algorithm
based on a congestion control strategy and multi-population
mechanisms. Further, Tasoulis et al. (2004) proposed a par-
allel differential evolution algorithm using multi-population
frameworks to expand the search diversity for optimum
solutions.

The population in a multi-population framework is
divided into several subpopulations (or multi-groups), each
of which has different values for the control parameters.
The subpopulations can create different directional search
patterns by means of using different control parameters
during the evolution process. After a certain number of
generations, migration operators are executed to exchange
information between the subpopulations in order to increase
population diversity and search performance. A migration
mechanism for exchanging information among the subpop-
ulations is applied to encourage the proliferation of good
traits throughout the whole population. In the current study,
the migration mechanism is controlled by three parameters:
(1) a migration rate that defines the number of individuals
in a subpopulation to be sent to other subpopulations; (2)
a migration policy that determines which individuals are to
be replaced by ones from other subpopulations; and (3) a
migration interval that sets up the frequency for executing
migrations.
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3.2 Self-adaptive strategy

A self-adaptive strategy is used in many different heuris-
tic algorithms (Nanakorn and Meesinklim 2001; Deb and
Beyer 1999; Liu and Lampinen 2005; Qin and Suganthan
2005; Teo 2006) due to the difficulties involved in select-
ing good control parameters prior to commencing the actual
optimization work. Improper parameters may result in poor
performance during the optimization process, and the pro-
cess is more likely to become trapped in the local minima
of the design space. In response, self-adaptation has been
found to be highly beneficial in terms of automatically
and dynamically adjusting evolutionary parameters such as
population size, crossover rates, and mutation rates.

DE is an efficient tool for solving optimization prob-
lems. However, like other evolutionary algorithms, the DE
convergence speed and search diversity are heavily depen-
dent on the control parameters settings (Sun et al. 2005;
Kaelo and Ali 2006; Paterlini and Krink 2006). Among
these control parameters, the value of the scaling factor
F is especially important. If the F value is fixed at an
improper value, it may easily generate infeasible solutions
for constrained optimization problems, thereby affecting
both the convergence speed and search diversity. In the later
stages of the optimization search, the constrained optimal
solution may be located near the constraint boundary; as
such, the generation of feasible solutions would require a
small difference vector in mutation operations. However,
it is not easy to maintain feasibility while using a fixed
scaling factor F and randomly selecting two vectors for
mutation.

Many DE studies have explored suitable settings for
these control parameters. Liu and Lampinen (2005) used
fuzzy logic controllers to adapt the search parameters of
DE, named fuzzy adaptive differential evolution (FADE).
FADE incorporates the relative objective function values
and the individuals of successive generations as control
inputs, and adapts its control parameters by means of fuzzy
controllers. Qin and Suganthan (2005) developed a learning
strategy for weight factor F and crossover rate CR, called
self-adaptive differential evolution (SaDE). In SaDE, two
or more mutation strategies are applied to individuals in the
current population, producing feasible new solutions with
a probability proportional to their previous success rates.
Further, the authors also used the local search procedure
(Quasi-Newton method) to speed up the convergence of
the SaDE algorithm. In addition to self-adapting crossover
and mutation rates, Teo (2006) presented an initial attempt
to self-adapt the population size during the whole evolu-
tionary search process. The control parameters, including
population size, mutation rate, and crossover rate, evolved
within DE.

In this paper, we develop a penalty-based self-adaptive
strategy to further enhance the performance of multi-
population differential evolution for solving truss optimiza-
tion problems with constraints. The constraints considered
in truss optimization problems usually include the stress,
displacement, kinetic stability, and nodal connectivity of
truss members. Constraint violations may easily appear
when simultaneously optimizing size, shape, and topology
of truss structures, so to reduce the number of constraint
violations can increase the efficiency of MPDE for truss
optimization problems. As part of the DE algorithm, the trial
vector ui,G+1 is generated by mutation and crossover oper-
ators. However, if the trial vector ui,G+1 is not a feasible
solution, the DE selection operator chooses the original tar-
get vector xi,G for the next iteration. Obviously, if too many
trial vectors ui,G+1 violate the constraint requirement, the
entire DE search process is slowed. The developed approach
can adjust the weight factor F in the mutation operator
according to the number of generated infeasible solutions
found during the search process. Further, as part of the DE
algorithm, the mutation strategy creates a new noisy vec-
tor vi,G+1 using (1). If the new noisy vector vi,G+1 violates
constraints, it will not be selected as the trial vector ui,G+1

in the next iteration. In other words, the evolution pro-
cess will not improve, because the new target vector xi,G+1

must be selected from original target vector xi,G. The use
of a proper F can increase the probability of producing a
feasible noisy vector vi,G+1, and also offers a higher prob-
ability for retention in the next iteration. The adjustment
method of the proposed self-adaptive strategy is dependent
on the number of infeasible trial vectors Ninf and feasible
trial vectors Nf. If Ninf is greater than Nf, one may assume
that the entire search is close to the constraint boundary. In
order to reduce the probability of generating infeasible solu-
tions, the F value of the next iteration is properly decreased
by multiplying the original value with the factor R, where
R is a constant value with a range between 0.0 and 1.0.
In contrast, when Nf is greater than Ninf, the F value is
increased by dividing the original value by the factor R to
search for exploration of better solutions. The penalty-based
self-adaptive strategy equation is as follows:

F = F × R if Ninf > Nf and F > Fmin

F = F ÷ R if Ninf < Nf and F < Fmax (4)

Fmax and Fmin refer to the lower and upper limitations of
the scaling factor. The number of feasible and infeasible
trial vectors, Nf and Ninf, are counted and accumulated for
every generation, and that number is used as the thresh-
old for modifications to the F value. The counters of the
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Fig. 3 Flowchart of adaptive
multi-population differential
evolution

accumulated infeasible and feasible solutions are reset to
zero after the F value is adjusted. When using the self-
adaptive strategy within the multi-population framework,
different F values are assigned to subpopulations and their
values are adjusted independently according to the search
pattern for each subpopulation. This method ensures that
each subpopulation evolves with a different directional
search in the design space. Further, this approach simultane-
ously increases the search diversity and convergence speed.
The lower and upper limits of the F value are set to 0.0 and
2.0 separately, while the R value is set to 0.95. The proper
value of R is determined from the numerical results of the

optimum solutions for certain test functions. A flowchart
depicting adaptive multi-population differential evolution is
shown in Fig. 3.

4 Adaptive multi-population differential evolution
for truss optimization

Six truss optimization cases selected from the literature
(Haug and Arora 1989; Haftka and Gurdal 1992; Zhou and
Rozvany 1993; Deb and Gulati 2001; Lee and Geem 2004;
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Perez and Behdinan 2007; Luh and Lin 2008) were inves-
tigated in this study to test the performance of AMPDE in
terms of searching for the optimum truss structure. Cases
one and two were used to determine the search perfor-
mance of AMPDE in regards to the size optimization of
truss structures, while cases three, four, and five represented
size and topology optimization problems pertaining to truss
structures. Finally, case six involved optimizing size, shape
and topology simultaneously. Comparisons among DE,
MPDE and AMPDE were used to illustrate the effects of
the proposed self-adaptive strategy in terms of enhancing
MPDE performance across different types of truss optimiza-
tion problems. The parameter settings of DE, MPDE, and
AMPDE for these truss optimization examples are listed in
Table 2. These parameters were determined through numer-
ical experiments after multiple simulation runs, and based
on the suggestions of Storn and Price (1997). To accomplish
the proposed method in this study, a computer program was
developed using C++ programming language.

The formulation of the truss optimization problem is
described as follows:

Minimize: W (A) =
n∑
i

ρi Li Ai

Subject to

G1 ≡ Truss structure is acceptable to the user.

G2 ≡ Truss is kinetically stable.

G3 ≡ σi ≤ σallow, i = 1, 2 . . . . . . m

G4 ≡ δj ≤ δallow, j = 1, 2 . . . . . . n

G5 ≡ Amin
i ≤ Ai ≤ Amax

i , i = 1, 2 . . . . . . m

G6 ≡ ξmin
j ≤ ξj ≤ ξmax

j , j = 1, 2 . . . . . . n (5)

Table 2 Parameter setting used in AMPDE for truss structure
optimization

DE MPDE AMPDE

Population size 100 10 10

Number of sub-population 1 10 10
aF 0.5 0.5∼0.7 0.5∼0.7

CR 0.5 0.5 0.5

Migration rate – 0.1 0.1

Migration interval – 10 10

Maximum generation 400 400 400

Consecutive generations 20 20 20

aF is the scaling factor for each sub-population and distributes ran-
domly in the range between 0.7 and 0.9

Constraint G1 The basic nodes for supports and loads
must always be present during the search process. If any of
the basic nodes are removed from the truss, a large penalty
is assigned to the solution of a truss structure.

Constraint G2 Grubler’s criterion (Ghosh and Mallik
1988) is used to check the degrees of freedom (DOF) of
the truss for kinetic stability. Once a truss is determined
to be non-mechanistic (has a non-positive DOF value),
the stiffness matrix is then used to check if it is positive-
definiteness.

Constraints G3 and G4 All members of the truss must
have stresses within the allowable strength of the material
and all nodal displacements must not deflect more than the
allowable limits.

Constraints G5 and G6 The design variables of the cross-
sectional area and positions of the non-basic nodes should
be bounded within the pre-specified values. The design vari-
able Ai represents the cross-sectional areas for each truss
member; ξj stands for n real-valued coordinates of all non-
basic nodes present in a truss; ρi is the material density of
a truss member; and Li is the length of each truss mem-
ber. The parameters σallow and δallow indicate the allowable
strength of the member and the allowable deflection of the
node as defined by the designer, respectively. The scheme of
existence or absence of a truss member in AMPDE follows
the procedures of Deb and Gulati (2001). The existence or
absence of a truss member in the ground structure is deter-
mined through a comparison of its cross-sectional area with
a pre-defined, small critical cross-sectional area ε. If the
cross-sectional area is smaller than the critical area ε, the
member is assumed to be removed from the truss struc-
ture. Otherwise, the truss member is retained in the truss
structure within the cross-sectional area. The advantage of

Fig. 4 Truss structure with 10 members and 6 nodes
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Table 3 Size optimization
results for case 1 Member Area (in.2)

AMPDE Perez and Lee and Haug and Haftka and

Behdinan Geem Arora Gardal

1 30.378 33.50 30.15 30.031 30.520

2 0.100 0.100 0.102 0.100 0.100

3 23.468 22.766 22.71 23.274 23.200

4 15.196 14.417 15.27 15.286 15.220

5 0.100 0.100 0.102 0.100 0.100

6 0.533 0.100 0.544 0.557 0.551

7 7.437 7.534 7.541 7.468 7.457

8 21.084 20.467 21.56 21.198 21.040

9 21.433 20.392 21.45 21.618 21.530

10 0.100 0.100 0.100 0.100 0.100

Total weight 5,060.45 5,024.21 5,057.88 5,060.92 5,060.80

Max. displacement (in.) 2.000 2.038 2.0018 1.999 1.999

Max. stress (ksi) 24.996 25.017 24.997 24.920 25.002

this representation is that it can account for both the size
and topology of a truss member in a real-typed value. The
cross-sectional area must be between the lower and upper
bounds of

[
Amin

i , Amax
i

]
, and the value of Amin

i must be
the same as the negative value of Amax

i . The reason for
introducing the negative area is to obtain an almost equal
probability of any member either existing in or being absent
from a truss (Deb and Gulati 2001). In the current study,
these definitions of critical cross-sectional area ε and neg-
ative area are employed in cases exploring the topology
optimization of truss structures. The penalty function of the

constraint violations used in this study are listed in (6) and
are applied as in Deb and Gulati (2001).

W (A)

⎧⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎩

109 If constraint G1 is violated
108 If G2 violates DOF constraints
107 If G2 violates positve definiteness

n∑
i=1

105 |G3i |
+

n∑
i=1

105 |G4i |

(6)

Fig. 5 Performance comparison
of case 1 using DE, MPDE and
AMPDE
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Table 4 Loading condition in case 2

Loading condition Node Force Fx (lb) Force Fy (lb) Force Fz (lb)

(1) 1 1,000 10,000 −5,000

2 0 10,000 −5,000

3 500 0 0

6 500 0 0

(2) 1 0 20,000 −5,000

2 0 −2,000 −5,000

4.1 Size optimization of truss structures

4.1.1 Case 1: 10 member, 6-node truss

The geometry model and loading conditions of a 10 mem-
ber truss with six nodes are shown in Fig. 4. The material
properties and design constraints are:

Modulus of elasticity E = 1 × 104 ksi
Density ρ = 0.1 lb

/
in3

Maximum allowable stress σa = 25 ksi
Allowable displacement δallow = 2.0 in.

The loading is 100 ksi, and the cross section area is lim-
ited to between 0.1 and 35.0 in.2 The AMPDE results
are compared with previously published results (Haug and
Arora 1989; Haftka and Gurdal 1992; Lee and Geem 2004;
Perez and Behdinan 2007) as shown in Table 3. The over-
all weight found by AMPDE is 5060.45 lb. Although it is
heavier than the total structure weight as derived by PSO

Fig. 6 Twenty-five member, 10 node space truss structure

(Perez and Behdinan 2007) and Harmony Search (Lee and
Geem 2004), the constraints of maximum displacement
or maximum stress are slightly violated in their work. In
contrast, no violations occur in terms of either maximum
displacement or maximum stress constraints in this study. A
comparison of the performance of DE, MPDE, and AMPDE
is shown in Fig. 5, where the number of function evaluations
of DE, MPDE, and AMPDE are 29,300, 29,000, and 32,100,
respectively. As shown in Fig. 5, DE outperforms MPDE
and AMPED in terms of the convergence speed, since there
are only 10 design variables in case 1, which does not con-
sider the existence of truss members or nodal coordinates of
non-basic nodes. Nevertheless, AMPDE shows its potential

Table 5 Size optimization
results for case 2 Member Length Area (in.2)

(in.) AMPDE Lee and Zhou and Haftka and

Geem Rozvany Gardal

1–2 75.0 0.014 0.047 0.010 0.010

1–4, 2–3, 1–5, 2–6 130.504 2.012 2.022 1.987 1.987

2–5, 2–4, 1–3, 1–6 106.80 2.967 2.950 2.994 2.991

3–6, 4–5 75.0 0.011 0.01 0.01 0.01

3–4, 5–6 75.0 0.011 0.014 0.01 0.012

3–10, 6–7, 4–9, 5–8 181.142 0.674 0.688 0.684 0.683

3–8, 4–7, 6–9, 5–10 181.142 1.647 1.657 1.677 1.679

3–7, 4–8, 5–9, 6–10 133.464 2.690 2.663 2.662 2.664

Weight (lb) 544.077 544.38 545.160 545.22

Node 1 max. displacement (in.) 0.350 0.350 0.350 0.349

Node 2 max. displacement (in.) 0.350 0.350 0.350 0.349



C.-Y. Wu, K.-Y. Tseng

Fig. 7 Performance comparison
of case 2 using DE, MPDE and
AMPDE
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for obtaining better solutions with slightly more iterations
than DE and MPDE in case 1.

4.1.2 Case 2: three-dimension, twenty-f ive
member truss

Case 2 is a three-dimensional truss ground structure with
25 members. The material properties are the same as in the

Fig. 8 a Fifteen member, 6 node truss structure, b optimized truss
structure

previous cases. The maximum allowable stress is 40 ksi and
the maximum allowable deflection is 0.35 in for both node
one and node two. The structure was required to be sym-
metric about the x and y axes simultaneously; this condition
grouped the truss members into eight design variables, as
listed in Table 5. The area of each cross-section must fall
between 0.01 and 3.0 in.2 The loading conditions and results
comparison are exhibited in Tables 4 and 5. The geomet-
ric model of the 25 member space truss is shown in Fig. 6.
Using AMPDE, the total weight of the optimized truss struc-
ture in this study is 544.077 lb, lighter than the results
listed in the literature (Haftka and Gurdal 1992; Zhou and
Rozvany 1993; Lee and Geem 2004). Figure 7 shows the
convergence process of DE, MPDE, and AMPDE for size

Table 6 Size and topology optimization results for case 3

Truss number Area (in.2)

AMPDE Deb and Gulati Luh and Lin

1 5.533 5.219 5.428

2 20.281 20.310 14.308

3 14.342 14.593 20.265

4 7.545 7.772 7.617

5 29.046 28.187 20.549

6 20.356 20.650 28.876

Weight (lb) 4,730.68 4,731.65 4,730.824

Calculation 40,000 85,050 41,000

Max. displacement (in.) 2.000 2.000 1.999

Max. stress (ksi) 18.701 18.567 19.161
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Fig. 9 Performance comparison
of case 3 using DE, MPDE and
AMPDE
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optimization in case 2. Although the convergence speed
of DE is higher than those of both MPDE and AMPDE,
AMPDE offers the lightest solution (545.09 lb for DE,
544.077 lb for AMPDE and 544.64 lb for MPDE).

4.2 Size and topology optimization of truss structures

4.2.1 Case 3: 15 member, 6 node truss

The loadings and geometry of a 15 member truss with 6
nodes are shown in Fig. 8a. The cross-sectional area in this
case, following the settings found in Deb and Gulati (2001),
is limited to between −35 and 35 in.2 The critical area ε

Table 7 Size and topology optimization results for case 4

Member Area (in.2)

AMPDE Deb and Gulati

1 0.566 0.566

2 0.447 0.477

3 0.447 0.477

4 0.566 0.566

5 0.31 0.321

6 0.09 0.08

7 0.09 0.08

Weight (lb) 43.99 44.033

Max. displacement (in.) 1.108 1.108

Max. stress (ksi) 25.000 25.000

of the truss member is set to 0.09 in.2 The optimum solu-
tion found by AMPDE is compared with the results of Deb
and Gulati (2001) and Luh and Lin (2008) as shown in
Table 6. The optimized truss with nine members removed
is shown in Fig. 8b. The total weight found by AMPDE,
4,730.68 lb, is less than the total weight found by either
the GA (Deb and Gulati 2001) or Ant algorithm (Luh and
Lin 2008). Compared with the results of the GA and Ant
algorithm, the present AMPDE requires a much lower total
number of function evaluations. Figure 9 shows the conver-
gence history of the best solutions found using DE, MPDE,
and AMPDE for truss optimization.

4.2.2 Case 4: 45 member, 10-node truss

Case 4 is a two-dimensional 45 member truss structure
with 10 nodes. The ground structure has all pair-wise

1 
2

4 
5 

6 7 

10000 lb 

1 

10000 lb 10000 lb 

100 

100 100 100 100 

3

Fig. 10 Optimized result of 45 member, 10 node truss structure
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Fig. 11 Performance
comparison of case 4 using DE,
MPDE and AMPDE
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interconnections. All the material properties and the set-
ting of critical area ε are the same as case 3, except that
the lower and upper bounds of the cross-sectional areas are
set to −1.0 and 1.0 in.2, respectively. Because it is a non-
symmetrical truss structure, each truss member is defined as
a design variable. A total structural weight comparison with
GA in Deb and Gulati (2001) is given in Table 7, and the
optimized truss structure is shown in Fig. 10. In this case,
AMPDE requires only 30,800 evaluations of the objective
functions (100 individuals with 308 generations), while DE
and MPDE need 40,000 evaluations. The population size
of AMPDE is much smaller that of GA in Deb and Gulati
(2001) (1,800 individuals). The total weight of the struc-
ture is 43.99 lb without constraint violations. This result is
lighter than the total weight found in Deb and Gulati (2001).
Figure 11 depicts that the convergence speed of AMPDE is
higher than those of both DE and MPDE.

Fig. 12 Thirty-nine member, 12 node truss structure for sizing and
topology consideration

4.2.3 Case 5: 39 member, 12 node truss

The two-dimensional 39 member truss is shown in Fig. 12.
This model is symmetrical about the middle vertical mem-
ber; hence the number of design variables is reduced from
39 to 21. The material properties and maximum allowable
deflection are the same as in case 1. The allowable strength
is 20 ksi. The range of cross-sectional area varies between
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Fig. 13 Best solutions for sizing and topology consideration derived
by: a GA (Deb and Gulati 2001), b Ant algorithm (Luh and Lin 2008)
and AMPDE
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Table 8 Size and topology optimization results for case 5

Truss number Area (in.2)

AMPDE Deb and Gulati Luh and Lin

1, 2 1.500 1.502 1.502

3, 4 – 0.051 –

5, 6 1.060 1.063 1.063

7, 8 0.051 –

9, 10 1.060 1.061 1.062

11,12 0.750 0.751 0.751

13, 14 0.250 0.251 0.250

15, 16 0.559 0.059 0.56

17,18 – 0.052 –

19 1.000 1.005 1.000

20, 21 0.05 – 0.051

Weight (lb) 193.199 196.546 193.474

Calculation 32,300 – 303,600

Max. stress (ksi) 20.000 20.001 20.000

−2.25 and 2.25 in.2 The critical area ε is 0.05 in.2 for each
truss member. The optimized trusses for case 5 using the
GA (Deb and Gulati 2001), the Ant algorithm (Luh and Lin
2008) and AMPDE are shown in Fig. 13. The topology dis-
tribution of AMPDE is the same as that obtained by the
Ant algorithm. The optimized weight derived by AMPDE
is 193.199 lb, and the results of the comparison with the
reference papers (Deb and Gulati 2001; Luh and Lin 2008)
are listed in Table 8. The total weight of the truss is less than
those listed in Deb and Gulati (2001) or Luh and Lin (2008).

Figure 14 demonstrates the convergence history of DE,
MPDE, and AMPDE. The number of the objective function

a

b

c

Fig. 15 Best solutions for sizing, topology and coordinates consider-
ation derived by: a GA (Deb and Gulati 2001), b Ant algorithm (Luh
and Lin 2008), c AMPDE

Fig. 14 Performance
comparison of case 5 using DE,
MPDE and AMPDE
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Table 9 Sizing, topology and configuration optimization results for
case 6

Truss number Area (in.2)

AMPDE Deb and Gulati Luh and Lin

1, 2 0.163 0.595 0.327

3, 4 0.895 1.615 1.538

5, 6 1.509 1.166 1.095

7, 8 1.123 1.155 1.221

9, 10 0.170 0.051 0.081

11, 12 0.543 1.293 0.525

13, 14 1.135 0.504 1.259

15 1.106 1.358 1.256

Weight (lb) 188.426 192.19 188.732

Calculation 137,200 504,000 453,600

Max. stress (ksi) 20.000 19.989 19.992

calculation for AMPDE is only 32,300 (100 individuals with
323 generations); it apparently outperforms the Ant algo-
rithm (303,600) in terms of convergence speed. Further, the
population size of AMPDE is 100, much smaller than the
GA (840). In Fig. 14, the performance of AMPDE is bet-
ter than that of both DE and MPDE (using fewer function
evaluations to obtain similar or better solutions). Compared
with both DE and MPDE in terms of addressing com-
plex truss problems (size and topology optimization), the
proposed self-adaptive strategy can effectively enhance the
performance of MPDE. In general, AMPDE obtains better
optimum solutions for truss structures with fewer objec-
tive function evaluations than those obtained by both Deb

and Gulati (2001) and Luh and Lin (2008). The results of
cases 1 to 5 demonstrate that AMPDE outperforms DE and
MPDE when simultaneously considering size and topology
as design variables in truss optimization problems, and also
displays greater potential for tackling complex problems.

4.3 Size, shape and topology optimization of truss
structures

4.3.1 Case 6: two-tier, 39 members, 12 nodes

Case 6 is a two-tier, 39 member, 12 node ground structure.
In addition to the cross-sectional areas and the topologies
of members in the truss structure, the coordinates of the
non-basic nodes are simultaneously kept as decision vari-
ables. These extra variables are assumed to vary within
[−120.0, 120.0] in. Further, symmetry about the middle
vertical member is used to reduce the number of variables,
as in Deb and Gulati (2001) and Luh and Lin (2008). The
material properties of this case are the same as in case 5.
The parameter settings are listed in Table 2, other than
the population size and subpopulation number. The total
population size of MPDE and AMPDE is 200, with 40 indi-
viduals in each of the five subpopulations. The population
size of DE is the same as those of MPDE and AMPDE.
Figure 15 displays a comparison of results obtained using
previous studies (Deb and Gulati 2001; Luh and Lin 2008)
and using AMPDE, while the comparisons of overall weight
and cross-sectional areas are listed in Table 9. The weight
obtained by AMPDE is 188.452, which is slightly smaller
than the GA (192.19 lb) and the Ant algorithm (188.732 lb),
and also did not have any constraint violations. Further,

Fig. 16 Performance
comparison of case 6 using DE,
MPDE and AMPDE
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AMPDE requires 137,200 function evaluations, far less than
the 453,600 for the Ant algorithm (Luh and Lin 2008) and
504,000 for the GA (Deb and Gulati 2001). The popula-
tion size of AMPDE is 200 (40 individuals in each of five
sub-populations), which is also smaller than that of Deb
and Gulati (1680 individuals for the GA). Based on these
numerical results, AMPDE offers better performance than
the approaches used in previous research (Deb and Gulati
2001; Luh and Lin 2008). Finally, Fig. 16 illustrates the
convergence histories for DE, MPDE, and AMPDE. The
convergence speed of AMPDE in case 6 is higher than
the original DE and MPDE speeds. The results of these
cases studies suggest that the proposed penalty-based self-
adaptive strategy can effectively enhance the performance
of MPDE in terms of simultaneously optimizing the size,
shape and topology of truss structures.

5 Conclusions

This paper applies multi-population differential evolution
(MPDE) augmented with a penalty-based self-adaptive
strategy called adaptive multi-population differential evolu-
tion (AMPDE) to solve truss optimization problems with
constraints. The self-adaptive strategy proposed in this
study can enhance the effectiveness of MPDE. Several
examples of truss optimization problems are used to illus-
trate the high viability of AMPDE. In terms of size opti-
mization, AMPDE can find truss structures superior to those
reported in the literature without incurring constraint viola-
tions (Haug and Arora 1989; Haftka and Gurdal 1992; Lee
and Geem 2004; Perez and Behdinan 2007). While simulta-
neously optimizing two (size and topology) and three (size,
shape and topology) types of truss structure problems, it is
clear that the AMPDE approach as a one stage approach
performs with greater efficiency (in terms of finding bet-
ter or similar solutions with fewer function evaluations)
than other one stage and two stage approaches (Deb and
Gulati 2001; Luh and Lin 2008). It is also observed that
the developed self-adaptive strategy can further improve
the performance of MPDE across different types of truss
optimization problems.
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